/Specimen 2018

5. Given that

show that

5x% — 10X + 9 1
= X
YT k-1
dy .
— = 3 where k is a constant to be found.
dx (x-1)

(6)
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7. The point P lies on the curve with equation

X = (4y — sin2y)?
Given that P has (X, y) coordinates ( )2 %) where p is a constant,

(&) find the exact value of p

The tangent to the curve at P cuts the y-axis at the point A.

(b) Use calculus to find the coordinates of A.

D

(6)
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2
0 f) = ZXFO) w3
X—3
(a) Find f'(x) in the form % where P(x) and Q(x) are fully factorised quadratic

expressions.

(b) Hence find the range of values of x for which f(x) isincreasing.

(6)
(i)
g(x) = x~/sin4x O<x<%
The curve with equation y = g(x) has a maximum at the point M.
Show that the x coordinate of M satisfies the equation

tandx + kx=0

where k is a constant to be found.
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v

Figurel
Figure 1 shows a sketch of a curve with equation y = f(X) where

2X+ 3 1

f(x) = a1 x>4

(a) Find, in simplest form, f'(x).

(4)

(b) Hence find the range of f.
©)
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8.

(1) The curve C has equation Yy = g(X) where
3x T
g(X) = e™ sec2x ~2 <X< —

(a) Find g'(x)
2

(b) Hence find the X coordinate of the stationary point of C.

©)

(i1) A different curve has equation

x = In(sin y) O<y<%
Show that
ﬂ e
dx  f(x)

where f(X) is a function of e* that should be found.

(4)
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0.

(a) Given that

4 _ 3 _10%2 _
X* — x° —10x* + 3X 9zx2+P+ Q x> -3
X2 — x—-12 X—4
find the value of the constant P and show that Q = 5
(4)
The curve C has equation y = g(X), where
4 _ 3 _10%2 _
g = X=X 10+ 3% 9 ~3<x<35 xeR

X2 —x-12

(b) Find the equation of the tangent to C at the point where X = 2
Give your answer in the form y = mx + ¢, where mand c are constants to be found.
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(& Findf'(X)

f(x) = xcos(g) x> 0

2
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10. The curve C has equation

x=3ec’2y x>3 O<y<%
(& Find L interms of y.
dy @
(b) Hence show that
dy__ P
dx gx/x—3
where p isirrational and g is an integer, stating the values of p and g.
©)

(c) Find the equation of the normal to C at the point where y = 1—7; giving your answer

intheform y = mx + ¢, giving mand c as exact irrational numbers.

©)
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1. Thecurve C has equation
) 1
y = X°cos EX 0<x<r

The curve has a stationary point at the point P.

(@) Show, using calculus, that the x coordinate of P is a solution of the equation

5)
X = 2arctan| —
X

(4)
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7. Given that

show that

X=68n?2y

dy 1

dx ~ AJ(Bx- %)

where A and B are integers to be found.

T
O<y< —

4

(5)
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1. The function f is defined by

F() = —2X . X
X*+7x+12 x+4
(a) Show that f(Xx) = oX
X+ 3 (3)

(b) Find '
(©)

(c) (1) Find, in simplest form, f'(X).

(i1) Hence, state whether f is an increasing or a decreasing function, giving a reason
for your answer.

©)
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(i) The curve C, has equation

y=3Iee-5)—4x+15  x>+5

Show that C, has a stationary point at X = Tp where p is a constant to be found.
4)
(ii) A different curve C, has equation

y=4x—12sin’ X

(a) Show that, for this curve,

dy .

— =A+Bsin2x
dx

where A and B are constants to be found.

(b) Hence, state the maximum gradient of this curve.

(4)
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8. A curve C has equation Yy = f(X), where

f(X) = arcsin (% XJ -2<x<K2
(a) Sketch C.

(b) Given X = 2sinYy, show that

dy 1
dx A- X2

where A is a constant to be found.

The point P lies on C and has y coordinate %

N
N\
<
N\

N

(1)

3)

(c) Find the equation of the tangent to C at P. Write your answer in the form y=mx + c,

where m and c are constants to be found.

3)
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VA

y=1f(x)

O
=<V

Figure3

Figure 3 shows a sketch of part of the curve with equation y = f(X), where

1
() = X0 —4)e 2
(a) Find £'(%).
2

The line | is the normal to the curve at O and meets the curve again at the point P.

The point P lies in the 3rd quadrant, as shown in Figure 3.

(b) Show that the X coordinate of P is a solution of the equation

oAl L
2 16+ e

X =

(4)
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1. Find, using calculus, the X coordinate of the stationary point on the curve with equation

y=(2x+ 5)e™
(4)
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10.

Ya

<V

Figure3
Figure 3 shows a sketch of the curve C with equation
x=ye” yeR
(a) Show that

dy__y
dx x(1+ 2y)
(4)

Given that the straight line with equation X = Kk, where K is a constant, cuts C at exactly
two points,

(b) find the range of possible values for k.
©)
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1. The curve C has equation

y=(3x-2)°
dy
Find —
(a) Find dx
2
: . 1 .
Given that the point P (:—3 , 1) lies on C,
(b) find the equation of the normal to C at P. Write your answer in the form
ax + by + ¢ =0 where a, b and c are integers to be found.
(4)
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Figure3

In thisquestion you must show all stages of your working.
Solutionsrelying entirely on calculator technology are not acceptable.

The function f is defined by

1

f(x) = 50 - 2)(4x + 9) 2 X>—

(a) Show that

k(5%% + 9x — 2)

f'(x) = n
(4x + 92

where K is an integer to be found.
(b) Hence, find the values of X for which f'(X) =0

Figure 3 shows a sketch of the curve C with equation y = f(X).
The curve has a local maximum at the point P

(c) Find the exact coordinates of P

The function g is defined by

g(X)=2f(x) + 4 —

(d) Find the range of g

(4)

(D)

2
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XV

o) \/

M

Figure5b

In this question you must show all stages of your working.

Figure 5 shows the curve with equation

1+ 2cosx T 3
y=—""" —— X< —
1+ sinXx 2 2

The point M, shown in Figure 5, is the minimum point on the curve.
(a) Show that the X coordinate of M is a solution of the equation

2sinX+ cosxX=-2

(b) Hence find, to 3 significant figures, the X coordinate of M.

Solutionsrelying entirely on calculator technology are not acceptable.

(4)
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3. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

YA

XV

o) (2,0)

Figurel

Figure 1 shows a sketch of part of the curve with equation y =f(x) where

f(x) = (x—2)°e* xeR

The curve has a maximum turning point at A and a minimum turning point at (2, 0)

(@) Use calculusto find the exact coordinates of A.

(b) state the range of possible values for k.

®)

Given that the equation f(X) =k, where k is a constant, has at least two distinct roots,

)
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(a) Express xintermsof y.

y=log, (2x+1)

dy

(b) Hence, giving your answer in terms of x, find dx

(2)

3)
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2+ 3sinx
y COSX + Sn X

Show that

dy _ atanx+bsecx+c
dx s&X+ 29n X

where a, b and ¢ are integers to be found.

(6)
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7. The curve C has equation

T T 21
=3tan| y — — R ——<ypy<—
X (y 6} X € 3 y 3
(@) Show that
dy a
dx Xx2+Db

where a and b are integers to be found.

(4)
The point P with y coordi nate% lieson C.
Given that the tangent to C at P crosses the x-axis at the point Q.
(b) find, in ssmplest form, the exact x coordinate of Q. -
5
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Figure3

Figure 3 shows a sketch of part of the curve C with equation

2

y =3+ 4e* x>0
.ody o
(8 Find —=, giving your answer in simplest form.
dx (2)
The point P with x coordinate « lies on C.
Given that the tangent to C at P passes through the origin, as shown in Figure 3,

(b) show that x = o is a solution of the equation

ax2e® — 4e® ~3=0
(3)
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3.

(i) Find %In(sinZSX) writing your answer in simplest form.

(i) () Find %(3% —a)

(2)

(2)
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YA

4

Figure3

Figure 3 shows a sketch of the curve C with equation y =f(x), where
f(x) = (2x+ 1)°e™
(& Show that
£'(X) = A(2x + 1)? (1 —4x) e

where A is a constant to be found.
(b) Hence find the exact coordinates of the two stationary points on C.

The function g is defined by
g(x) =8f(x—2)

(c) Find the coordinates of the maximum stationary point on the curve with equation
y=9(x.

(4)

3)

(2)
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10.

VA :
! I

I I

! l

|

| |

! ]

l Q

| |

! ! >
P |O | X
| I

| |

I I

! l

|

| I

| |

| |

Figure4

Figure 4 shows a sketch of the curve with equation

2y° + 6
3y—-3

X =

ax
(a) Find d_y giving your answer as a fully simplified fraction.

(4)

The tangents at points P and Q on the curve are parallel to the y-axis, as shown

in Figure 4.

(b) Use the answer to part (a) to find the equations of these two tangents.

(4)
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5. The curve C has equation

_ In(x% + k)

Xe R
X2+ k

where k is a positive constant.

(@ Show that

dy _ Ax(B-In(¢ +k))
dx (x® + K)*

where A and B are constants to be found.

©)
Given that C has exactly three turning points,
(b) find the x coordinate of each of these points. Give your answer in terms of k
where appropriate.
©)
(c) find the upper limit to the value for k.
(1)
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XV

O

Figurel

Figure 1 shows a sketch of the curve C with equation y =f(X) where
f(x) = e (2 =3
(@) Find therange of f

(2
(b) Show that
f'(x) = 2x(2x? - 3e™ (A-BR)
where A and B are constants to be found.

(4)

Given that the line y = k, where k is a constant, k > 0, intersects the curve at exactly
two distinct points,

(c) find the exact range of values of k

(4)
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10.

In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A curve C has equation

x =sin’4y 0<y<

I

: : : 1.
The point P with x coordinate 2 lieson C

(a) Find the exact y coordinate of P

(b) Find &
dy
(c) Hence show that % can be written in the form
X

dy 1

where g, r and s are constants to be found.

Using the answer to part (c),

dx \/q +r(x+ 9?

dy

(2)

(2)

3)

(d) (i) statethe x coordinate of the point where the value of & isaminimum,

(i) state the value of % at this point.
X

X

)
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Ya P

y=1(x)

U

Figurel

In this question you must show all stages of your working.
Solutionsrelying entirely on calculator technology are not acceptable.
Figure 1 shows a sketch of the curve with equation y = f(X), where
f(x) = 26" cosx 0<x<2n

The curve intersects the X-axis at point R, as shown in Figure 1.

(a) State the coordinates of R

D
The curve has two turning points, at point P and point Q, also shown in Figure 1.
(b) Show that, at points P and Q,
asin®x+bsnx+c=0
where a, b and c are integers to be found.
(4)

(c) Hence find the X coordinate of point Q, giving your answer to 3 decimal places.

)
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7. In this question you must show all stages of your working.
Solutionsrelying entirely on calculator technology are not acceptable.

The curve C has equation

16

= - X #
9(3x — k)

wlx

y

where K is a positive constant not equal to 3

(a) Find 3_)/ giving your answer in simplest form in terms of k.
X
@)
The point P with X coordinate 1 lies on C.
Given that the gradient of the curve at P is —12
(b) find the two possible values of k
©)
Given also that k < 3
(c) find the equation of the normal to C at P, writing your answer in the
form ax+ by+ c= 0, where a, b and c are integers to be found.
3)
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Figure3

I'n this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

Figure 3 shows a sketch of part of the curve with equation
y=4x-7

Thelinel, shown in Figure 3, is the normal to the curve at the point P(8, 5)
(@) Use calculusto show that an equation of | is

5x+2y-50=0
(5)
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/

XXV

Figure5

The curve shown in Figure 5 has equation

x=4siny—1 0<y<

NN

The point P(k, %) lies on the curve.

() Verify that k=2

(b) (i) Find g_x interms of y
Yy

. dy 1
ii) Henceshow that — = —————
() dx 2Jx+1J3-x
The normal to the curve at P cuts the x-axis at the point N.
(c) Find the exact area of triangle OPN, where O is the origin.

Give your answer in the form ax + bx* where a and b are constants.

(1)

(6)

3)
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Figure4

Figure 4 is a graph showing the path of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, h metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball travels a horizontal distance of d metres before it first hits the ground.
The ball is modelled as a particle travelling in avertical plane above horizontal ground.
The path of the ball is modelled by the equation

h = 1.5x — 0.5x€>* 0<x<d
Usethe model to answer parts(a), (b) and (c).

(@) Find the value of d, giving your answer to 2 decimal places.

(Solutions relying entirely on calculator technology are not acceptable.)

(b) Show that the maximum value of h occurs when

X = SOln(l—Soj
X+ 50

3)
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ylk

\

Q
=V

Figure 1

Figure 1 shows a sketch of the curve with equation

x=2"+5y-6

) dy .
Find — int fy.
(a) Fin & in terms of y

(2)
The point P lies on the curve and is shown in Figure 1.
Given that the tangent to the curve at P is parallel to the y-axis,
(b) find the coordinates of P.
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7.
y A
C
@ x
P
Figure 3

The curve C has equation y = f(x), where
f(x)=x"V4x +7 x}—z

(a) Show that

k2 (2x +3)

BN

where k is a constant to be found.

C))
The point P, shown in Figure 3, is the minimum turning point on C.
(b) Find the coordinates of P.
2
(c) Hence find the range of the function g defined by
7
g(x) =—4f(x) x>
(2)
. . . 1 3) ..
The point O with coordinates >3 lies on C.
(d) Find the coordinates of the point to which Q is mapped when C is transformed to
the curve with equation
3
=40f| x——=| -8
g ( 2)
(2)
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3. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
A curve has equation

4x +1
y=( x#-3 xeR

x+3)2

Use calculus to find the range of values of x for which y is increasing.

(6)
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yA

v

Figure 1
Figure 1 shows a sketch of part of the curve C with equation y = f(x) where
f(x) = 6x In(4x) x>0
The curve cuts the x-axis at point P

(a) State the x coordinate of P

(1)
The point O, shown in Figure 1, is the stationary point on C
(b) Use calculus to find the exact coordinates of Q
3)
(c) Hence find the range of the function g(x) where
g(x) =-21(x)
(2)
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10.

y A
P(a, b)
0 X
Figure 2
Figure 2 shows a sketch of the curve with equation
T
x=3cos2y -3 <x<3 O<y<5
(a) Find 5 in terms of y.
(2)
(b) Hence show that
d_ k
dx 9—x°
where £ is a constant to be found.
3)
The point P(a, b) lies on the curve and is shown in Figure 2.
Given that
1
» the gradient of the curve at P is ~2
* both a and b are positive
(c) find the exact values of a and b.
“4)
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Figure 2

Figure 2 shows a sketch of the curve C with equation

x—gsin(3 +£J £< <37[
30Ty 12757

The curve intersects the y-axis at the points 4 and B as shown.

(a) Find the exact value of the y coordinate of

* point 4

* point B
3)

(b) Show that
-
dx p - qu

where p and ¢ are integers to be found.

“4)
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The normal to C at 4 and the tangent to C at B intersect at the point D.
Using

» the answer to part (b)

» the sketch of curve C in Figure 2

(c) find, in simplest form, the exact x coordinate of D.

C))
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3: The curve C has equation

4y* -3
X = 24 Yy # !
2y +1 2

(a) Find % in terms of y, giving the answer in simplest form.

“4)
A point P lies on C.
Given that
+ the gradient of the tangent to C at P is %
» the point P lies above the x-axis
(b) find the coordinates of P.
(Solutions relying entirely on calculator technology are not acceptable.)
“4)
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5: In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve C has equation

y=5cos2x — 12sin2x —r<x<m

T
The point 4 with x coordinate 3 lies on C.

(a) Use algebraic differentiation to find the gradient of the tangent to C at 4.
Give the answer in simplest form.

3

(b) Express 5cos2x — 12sin2x in the form
Rcos(2x + a)

T
whereR>0and0<a<5

Find the exact value of R and find the value of a to 3 decimal places.

(&)
A point P lies on C.
Given that the gradient of the tangent to C at P is 6

(c) find the greatest possible value for the x coordinate of P.
Give the answer to 2 decimal places.

C))
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Figure 2
Figure 2 shows a sketch of the curve with equation y = f(x) where
f(x)=(2x—3)e" "’
(a) Show that
f'(x) = 2(Px + 0)(2x — 3)"e™ *

where P, O and n are constants to be found.

C))
(b) Hence find
1) the x coordinates of the stationary points on the curve with equation y = f(x),
1) th di f th i i h ith i f
(i1) the range of the function g defined by
3 4x-2 3
g(x)=8(2x—-3)e xga
(Solutions relying entirely on calculator technology are not acceptable.)
C))
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7. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

A curve C has equation

X2 +(3k=2)x

y = 2xe

where k is a constant.

Given that C has two distinct turning points, find the range of possible values of k.

(7
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2. (1) Given y =x?In2x, find in simplest form, &
dx 2
(2)
(i) Given
2x
f(x) = ——— x>—=
(4x+3)
show that
2x
Fl(x) = 2e”(ax +3b)
(4x+3)
where a and b are constants to be found.
4)
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8. A curve has equation
x = e2‘[an y

Show that

dy a

dx  x(b+(nx)")

where a, b and n are integers to be found.

C))
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3. In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

The curve C has equation y = f(x) where

2
x-3

(a) Find f'(x), giving the answer in the form

ax’ +bx+c
(x=3)’
where a, b and c are constants.
“4)
(b) Hence find the coordinates of the turning point of C.
(2)
The point P (%, —10) lies on C.
(c) Find the coordinates of the point to which P is mapped, when the curve with
equation y = f(x) is transformed to the curve with equation y = f(2x) + 3
(2)
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6. The curve C has equation

Given that
+ the point P with y coordinate % lies on C

» the tangent to C at P cuts the x-axis at the point O

use calculus to find the x coordinate of O

(6)
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3. The curve C has equation

2y -1
x==2 > x>0 y>1
-1
. odx . . .
(a) Find ™ in terms of y, giving the answer in simplest form.
3)
The point P lies on C.
Given that P has y coordinate 2
(b) find the equation of the tangent to C at P, giving the answer in the form
ax + by + ¢ = 0, where a, b and c are integers.
(©))
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